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INTERMEDIATE DIVISION

Solutions

1. A drawer in a darkened room contains 100 red socks, 80 green socks, 60 blue socks and
40 black socks. I select socks one at a time from the drawer, but can’t see the colour of the
socks I select. What is the smallest number of socks I must select to ensure that I have at
least ten pairs? (A pair means two socks of the same colour).

Solution:
For any selection, at most one sock of each colour will be left unpaired. For this to happen,
an odd number of such socks must be selected. Thus 24 socks is sufficient. At most 4 will
be unpaired, leaving at least 20 in pairs. However we can do better than this! 23 socks
will do. Since 23 is not the sum of four odd numbers, at most 3 socks out of 23 will be
unpaired. Note that 22 will not do, as we can see if the numbers of socks of the four colours
are 5, 5, 5, 7, then four are unpaired, leaving only nine pairs. Thus 23 is the minimum.

2. Twenty fair coins are simultaneously tossed. What is the probability that exactly
10 of them land heads? (Note: you do not need to evaluate your answer).

Solution:
Consider the twenty coins in a row, and toss each one.The probability of any particular

sequence, e.g. 10 heads followed by 10 tails, is
(
1
2

)20
, as the coins are fair and the tosses

independent. How many ways are there to arrange 10 heads and 10 tails in a row? This is
just

(
20
10

)
, so the answer is the product of these two factors, or

20!

10!10!

(
1

2

)20

.

3. Show that if the integer n ≥ 6 is composite (i.e. not a prime), then n divides (n − 1)!
(Note that n! = 1 · 2 · 3 · . . . · n.)

Solution:
Since n is composite, we can write n = ab, with a, b > 1. The factorial (n − 1)! is the



2

product of all numbers from 1 through n− 1 = ab− 1. Among these numbers are (i) The
number a itself (as a < ab − 1 because a, b > 1.) (ii) The numbers a + 1, a + 2, . . . a + b,
(as a + b < ab− 1 because ab ≥ 6). Now one of the numbers a + 1, a + 2, . . . a + b must be
divisible by b since these are b consecutive numbers.
Therefore (n − 1)! is a product of various numbers, one of which is a and one of which is
a multiple of b, so that (n− 1)! is a multiple of ab = n.

4. Find all pairs of positive integers (m,n) such that m1/m is the square of n1/n.

Solution:
Claim. If two positive integers m,n satisfy m = nr/s for a rational number r/s ≥ 1 then
m is an integer multiple of n.
Proof of claim. If the prime factorisation of n is n = pe11 pe22 ...pekk for primes pi and positive

integers ei, then the prime factorisation of m is m = pf11 pf22 ...pfkk for positive integers fi,
since nr = ms must have the same prime factors. Moreover, fi = eir/s ≥ ei for each i
proving that m is an integer multiple of n.

Since m = n2m/n then either m is an integer multiple of n, if 2m/n ≥ 1, or n is an
integer multiple of m, if 2m/n ≤ 1. In the first case, set m = rn. Then

n2r = m = rn⇒ r = n2r−1 ⇒ r = 1 = n

where the last implication uses 1 < r ⇒ r < 22r−1 ≤ n2r−1 ⇒ r 6= n2r−1.
In the second case, set n = rm. Then

mr = n2 = (rm)2 ⇒ mr−2 = r2 ⇒ r = 1, 3, 4, 8

(m,n) = (1, 1), (9, 27), (4, 16), (2, 16).

The list terminates since 8 < r ⇒ r2 < 2r−2 ≤ mr−2 ⇒ r2 6= mr−2.

5. A triangle is drawn in the plane, such that the coordinates of the vertices are integers.
The product of the lengths of two sides is also an integer, and, further, is a prime number.
Similarly, the area is also a prime. Find the area of the triangle.

Solution:
Let the two side lengths be s, t and the area A. Note that st = q is prime, as is A. Let
the vertices of the triangle be at (0, 0), (a, b), and (c, d). The area is A = |ad− bc|/2. Now,
q2 = (a2 + b2)(c2 + d2) = (ad− bc)2 + (ac+ bd)2 = (2A)2 + r2, where r = (ac+ bd). We can
interpret q as the hypotenuse of a right-angled triangle with sides 2A and r. Pythagorean
triples can be written 2mn, m2 − n2 and m2 + n2 for any positive integers m,n, where
m2 +n2 is the length of the hypotenuse. Thus we can set side 2A = 2mn, implying m = A,
and n = 1. Also q = m2 + n2 = A2 + 1. If A is an odd prime, q is even and greater than
2, which is impossible, since q is prime. Therefore A is an even prime, so must be 2. This
can be achieved by the triangle with vertices at (0, 0), (3, 4) and (0, 1).
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6. In triangle ABC, all angles are acute (less than 90 degrees). Point P is chosen arbitrarily
on BC. Its reflection in AC is labelled T, and its reflection in AB is labelled S. Determine
the position of point P so that the area of triangle ATS is a minimum.

Solution:

Draw the line AP. Let PT intersect AC at D, and let PS intersect AB at E. Clearly, by
the properties of reflection, PT⊥AC, PD = DT, PS⊥AB, and PE = PS.
Then 4ASE ≡ 4APE, and 4APD ≡ 4ATD. Therefore AT = AP = AS, and ∠SAE =
∠PAE = x, and ∠PAD = ∠TAD = y.
Hence ∠SAT = 2x + 2y = 2∠BAC.
Now, the area of 4ATS = 1

2(AS)(AT ) sin∠SAT = 1
2(AP )2 sin(2∠BAC).

Since ∠BAC is fixed, we can minimise the area of 4ATS by minimising the length of AP,
which occurs when AP⊥BC. Then the area of 4ATS is a minimum.


